are investigated, where p is an odd prime, N , k are integers, p does not divide N, N ≥ 1 and 0 ≤ k ≤ N − 1. Some linear relations for these sums are derived using "logarithmic property" and Lerch's Theorem on the Fermat quotient. Particularly in case N = 10 another linear relation is shown by means of Williams' congruences for the Fibonacci numbers.
A NOTE ON SOME RELATIONS AMONG SPECIAL SUMS OF RECIPROCALS MODULO p

Introduction
Let p be an odd prime, N , k integers, N is not divisible by p, 1 ≤ N , and 0 ≤ k ≤ N − 1. We define
These sums occur in number theory, particularly in connection with the Fermat quotient q p (a) =
of p, with base a, where a is an integer not divisible by p. E i s e n s t e i n [3] mentioned (equivalently) the following congruence:
This congruence of E i s e n s t e i n was extended by L e r c h [4] for base N in the equivalent form as follows:
There are some criteria concerning the first case of Fermat's Last Theorem on these sums (see e.g. [5] , [1] , [2] ). The result of Section 3 was partly motivated by V a n d i v e r criterion ( [7] ):
"If the first case of FLT is false for the prime p, then
The aim of this note is to present some connections among the sums s(k, N ). Obviously we have
We can derive other relations for the sums s(k, N ) using "logarithmic property" first mentioned by E i s e n s t e i n [3] :
for integers a, b, not divisible by p. In Section 2 a linear relation for s(k, N ) will by shown for N even not divisible by p using (E2).
Another linear relation for N = 10 is proved in Section 3 (p = 5) using H . C . W i l l i a m s ' congruences for Fibonacci quotient [9] ; see also [6, Theorem 4.1(4),(2)]):
RELATIONS AMONG SPECIAL SUMS OF RECIPROCALS MODULO p
Case N even
In this section we will suppose that N = 2M , where M is a positive integer not divisible by p. Put for 1 ≤ j ≤ M and for
We have for 1 ≤ j ≤ M and 1 ≤ i ≤ N according to (1)
and we are done.
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Similarly if M is odd (M ≥ 3). Then we use the congruence
This concludes the proof.
P r o o f. We will use former Lemmas 2.1 and 2.2, logarithmic property (E2) for the Fermat quotient q p (2M ) and Eisenstein's congruence (E1) in the form
which is what we wanted to prove.
The Eisenstein congruence (E1) then implies:
ÓÖÓÐÐ ÖÝ 2.4º
RELATIONS AMONG SPECIAL SUMS OF RECIPROCALS MODULO p
Case N = 10
In this section we will suppose N = 10 and p will be an add prime, p = 5. Using notations of the preceding section we have M = 5 and
(1 ≤ i ≤ 10).
We will also use the symbol δ i instead of β i , therefore
According to Williams' congruence (W2) we have
Ä ÑÑ 3.1º
P r o o f. For the sake of simplicity put
Ì ÓÖ Ñ 3.2º
P r o o f. The first congruence follows from Theorem 2.3 and we prove the second one using Williams' congruences (W1) and (W2): This completes the proof.
